C λ -extended oscillator algebras, generalizing the Calogero-Vasiliev algebra, where C λ is the cyclic group of order λ, have recently proved very useful in the context of supersymmetric quantum mechanics and some of its variants. Here we determine the spectrum generating algebra of the C λ -extended oscillator. We then construct its coherent states, study their nonclassical properties, and compare the latter with those of standard λ-photon coherent states, which are obtained as a special case. Finally, we briefly review some other types of coherent states associated with the C λ -extended oscillator.
Introduction
Coherent states (CS) of the harmonic oscillator [1] are known to have properties similar to those of the classical radiation field. They may be defined in various ways, for instance as eigenstates of the oscillator annihilation operator b. With the corresponding creation operator b † and the number operator N b ≡ b † b, the latter satisfies the commutation relations
In contrast, generalized CS associated with various algebras [2] may have some nonclassical properties, such as photon antibunching or sub-Poissonian photon statistics, and squeezing. As examples of such CS, we may quote the eigenstates of b 2 , which were introduced as even and odd CS or cat states [3] , and are a special case of generalized CS associated with the Lie algebra su(1,1) [4] . We may also mention the eigenstates of b λ (λ > 2) or kitten states [5] , which may be generated in λ-photon processes.
Other examples are provided by nonlinear CS associated with a deformed oscillator (or f -oscillator). The latter is defined in terms of creation, annihilation, and number operators, a † = f (N b )b † , a = bf (N b ), N = N b , satisfying the commutation relations [6, 7] N, a
where f is some Hermitian operator-valued function of the number operator and
. Nonlinear CS, defined as eigenstates of a [7, 8, 9] , of a 2 [10] , or of an arbitrary power a λ (λ > 2) [11] , have been considered in connection with nonclassical properties. It has been shown that for a particular class of nonlinearities the first ones are useful in the description of a trapped ion [8] .
In the present communication, we shall consider some multiphoton CS, which may be associated with the recently introduced C λ -extended oscillator [12] . The latter may be considered as a deformed oscillator with a Z λ -graded Fock space and has proved very useful in the context of supersymmetric quantum mechanics and some of its variants [12, 13] . In particular, we shall deal here in detail with CS of the C λ -extended oscillator spectrum generating algebra [14] , which are a special case of the CS of Ref. [11] and exhibit some nonclassical properties.
2 The C λ -extended oscillator algebra
The C λ -extended oscillator algebra (where C λ = Z λ is the cyclic group of order λ) was introduced as a generalization of the Calogero-Vasiliev algebra, defined by
and their Hermitian conjugates, where α 0 is some real parameter subject to the condition α 0 > −1, and K is some Hermitian operator. The latter may be realized as K = (−1) N , so that the second equation in (3) becomes equivalent to a, a † = I + α 0 P 0 + α 1 P 1 , where α 0 + α 1 = 0 and P 0 = 1 2
N project on the even and odd subspaces of the Fock space F , respectively. When partitioning F into λ subspaces
. . , λ − 1, instead of two, the Calogero-Vasiliev algebra is replaced by the C λ -extended oscillator algebra, defined by [12] N, a † = a † , a, a
and their Hermitian conjugates, where P µ = λ
µ=0 P µ = I, and α µ are some real parameters subject to the conditions λ−1 µ=0 α µ = 0 and µ−1 ν=0 α ν > −µ, µ = 1, 2, . . . , λ − 1. Taking this form of P µ into account, it is clear that the C λ -extended oscillator algebra (4) is a special case of deformed oscillator algebra, as defined in (2).
The operators N, a † , a are related to each other through the structure function [6, 7] . Comparing with Eq. (2), we get
The Fock space basis states |n = |kλ + µ = N −1/2 n a † n |0 , where a|0 = 0,
. . , and µ = 0, 1, . . . , λ − 1, satisfy the relations
Due to the restrictions on the range of the parameters α µ given below Eq. (4), F (µ) = β µ + µ > 0 so that all the states |n are well defined. The C λ -extended oscillator Hamiltonian is defined by [12] 
Its eigenstates are the states |n = |kλ + µ and their eigenvalues are given by
, where
In each F µ subspace of F , the spectrum of H 0 is harmonic, but the λ infinite sets of equally spaced energy levels, corresponding to µ = 0, 1, . . . , λ − 1, are shifted with respect to each other by some amounts depending upon the parameters α 0 , α 1 , . . . , α λ−1 .
3 Spectrum generating algebra of the C λ -extended oscillator
One can generate the whole spectrum of the C λ -extended oscillator Hamiltonian (6) from the eigenstates |µ , µ = 0, 1, . . . , λ − 1, by using the operators [14]
They satisfy the commutation relations
where f (J 0 , P µ ) (which has nothing to do with the function f (N) of Eq. (2)) is a (λ − 1)th-degree polynomial in J 0 with P µ -dependent coefficients,
The spectrum generating algebra (SGA) of the C λ -extended oscillator is therefore a C λ -extended polynomial deformation of su(1,1): in each F µ subspace, it reduces to a standard polynomial deformation of su(1,1) [15] .
Its Casimir operator can be written as
where h(J 0 , P µ ) is a λth-degree polynomial in J 0 with P µ -dependent coefficients, /λ of J 0 . The explicit expressions of f (J 0 , P µ ), h(J 0 , P µ ), and c µ are given in Ref. [14] .
For λ = 2, for which the C λ -extended oscillator algebra reduces to the CalogeroVasiliev algebra, the SGA (7), (8) reduces to the Lie algebra su (1,1) , for which f (J 0 ) = −2J 0 , h(J 0 ) = −J 0 (J 0 + 1), and c = (1 + α µ )(3 − α µ )/16 [16] .
Nonlinearities make their appearance for λ = 3, for which
For α µ = 0 corresponding to a † = b † , a = b, the operators (7) close a polynomial deformation of su(1,1), with f (J 0 ) and h(J 0 ) expressed in terms of some binomial coefficients and Stirling numbers [14] .
4 Coherent states associated with the C λ -extended oscillator spectrum generating algebra
As CS associated with the C λ -extended oscillator SGA, let us consider generalizations of the Barut-Girardelle CS of su(1,1) [4] , to which they will reduce in the case λ = 2. These are the eigenstates |z; µ of the operator J − defined in (7),
Here µ distinguishes between the λ independent (and orthogonal) solutions of equation (11), belonging to the various subspaces F µ . The CS |z; µ may be considered as special cases of the nonlinear CS of Ref. [11] , since Eq. (11) is equivalent to a λ |z; µ = λz|z; µ , for a = bf (N b ) and f (N b ) as given in Sec. 2. It can be shown [14] that the states (11) satisfy Klauder's minimal set of conditions for generalized CS [17] : they are normalizable, continuous in the label z, and they allow a resolution of unity. The other discrete label µ is analogous to the vector components of vector (or partially) CS [18] .
The states |z; µ can be written in either of the alternative forms
whereβ µ ≡ (β µ + µ)/λ, (a) k denotes Pochhammer's symbol, and the normalization factor N µ (|z|) can be expressed in terms of a generalized hypergeometric function,
Their unity resolution relation can be written as
where dρ µ (z, z * ) is a positive measure, given in terms of a generalized hypergeometric function and a Meijer G-function by
with y defined in Eq. (14) . In the λ = 2 case, the functions 0 F 1 and G 20 02 of Eqs. (13), (14) , and (16) being proportional to modified Bessel functions I 2ν (2|z|) and K 2ν (2|z|), ν = (α 0 −1+2µ)/2, respectively, the CS defined in (11) reduce to Barut-Girardello su(1,1) CS [4] for the appropriate unirreps, as it should be.
For α µ = 0 corresponding to a † = b † , a = b, the CS defined in (11) reduce to the eigenstates of b λ or standard λ-photon CS [5] ,
satisfying the resolution of unity (15) with h µ (y) given by
The states (17) can be rewritten in the alternative form
where
is a generalized Mittag-Leffler function. Hence, they provide a simple example of the Mittag-Leffler CS considered in Ref. [19] .
Nonclassical properties of coherent states
The CS |z; µ may be considered as exotic states in quantum optics. Their properties may be analyzed in two different ways, by considering either "real" photons, described by the operators b † , b satisfying the canonical commutation relation, as given in Eq. (1), or "dressed" photons, described by the operators a † , a of Eq. (2), which may appear in some phenomenological models explaining some non-intuitive observable phenomena.
Photon statistics
Since N = N b , the photon number statistics is not affected by the choice made for the type of photons. A measure of its deviation from the Poisson distribution is the Mandel parameter
which vanishes for the Poisson distribution, and is positive or negative according to whether the distribution is super-Poissonian (bunching effect) or sub-Poissonian (antibunching effect). It is well known that for λ = 2, the standard even (resp. odd) CS, corresponding to α 0 = α 1 = 0 or a † = b † , a = b and µ = 0 (resp. µ = 1), are characterized by a super-Poissonian (resp. sub-Poissonian) number distribution. It can be shown [14] that for the even (resp. odd) CS associated with the Calogero-Vasiliev algebra, i.e., for λ = 2, α 0 = −α 1 = 0 and µ = 0 (resp. µ = 1), this trend is enhanced for positive (resp. negative) values of α 0 . However, as shown in Fig. 1, for 
Squeezing effect

"Dressed" photons
Let us define the deformed quadratures x and p as
In any state belonging to F µ , their dispersions (∆x) 2 and (∆p) 2 satisfy the uncertainty relation
where the right-hand side becomes smaller than the conventional value 1/4 if α 0 < 0 for µ = 0 or −2 < α µ < 0 for µ = 1, 2, . . . , or λ − 1. In F µ , the role of the vacuum state is played by the number state |µ = |0; µ , which is annihilated by J − . The corresponding dispersions are given by
Comparing with the uncertainty relation (22), we conclude that the state |µ satisfies the minimum uncertainty property in F µ , i.e., gives rise to the equality in (22), only for µ = 0 becauseβ 0 = 0 andβ µ > 0 for µ = 1, 2, . . . , λ − 1. On the other hand, the dispersions in the vacuum may be smaller than the conventional value 1/2 for µ = 0, 1, . . . , λ − 2. Let us restrict ourselves to the CS |z; 0 , which satisfies for z = 0 the minimum uncertainty property. The quadrature x (resp. p) is said to be squeezed to the second order in |z; For λ > 2, there is no second-order squeezing, but for λ = 4, a small fourth-order squeezing is obtained in accordance with the results for standard λ-photon CS [5] .
"Real" photons
Let us now define the quadratures x and p as
Their dispersions (∆x) 2 and (∆p) 2 satisfy the usual uncertainty relation. Considering again the CS |z; 0 , on Fig. 3 we observe for the ratios X and P more or less similar trends as noted in the case of "dressed" photons.
Concluding remarks
In the present contribution, we determined the SGA of the C λ -extended oscillator and studied some CS associated with it, namely the eigenstates of its lowering generator J − .
Other types of CS may be considered and will be studied in a forthcoming publication. Let us mention here two of them:
1. The eigenstates of the C λ -extended oscillator annihilation operator a: a|z; µ = z|z; µ .
These generalize the paraboson CS, which correspond to λ = 2 [20] .
2. The solutions of the equation a λ−α − z a † α |z; µ = 0, α = 0, 1, . . . , λ 2 , µ = 0, 1, . . . , λ − α − 1.
(26) For α = 0, these are the eigenstates of a λ , which are directly related to those of J − , considered here. Moreover, for λ = 2 and α = 1, they reduce to the Perelomov su(1,1) CS [2] .
